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Γ
(2)
0 (5) Siegel

∗

Siegel modular forms of Γ
(2)
0 (5)

Miko YOSHIMURA∗

ABSTRACT

Siegel modular forms of degree two of weight k of level N are given explicitly for N=1, 2, and given under
some conditions for N=3, 4. So it has reasons and meanings that giving them for N=5. This paper shows

several hints on giving Siegel modular forms of Γ
(2)
0 (5) and show some of the forms by describing their

Fourier expansions.

Keywords : Γ
(2)
0 (5), Siegel modular form, lifting, theta function

1.

H2 =

{
Z = X + iY ∈M2 (C)

∣∣∣∣∣ X, Y ∈M2 (R)

tZ = Z, Y > 0

}

Γ
(2)
0 (N) =

{
g =

(
A B

C D

)
∈M4 (Z)

∣∣∣∣∣
tg

(
0 −12
12 0

)
g =

(
0 −12
12 0

)

C ≡ 0 (mod N)

⎫⎪⎪⎬
⎪⎪⎭

. H2 C f

∀Z ∈ H2, ∀g =

(
A B

C D

)
∈ Γ

(2)
0 (N)

,

f
(
(AZ +B) (CZ +D)

−1
)
= det (CZ +D)

k
f (Z)

, Γ
(2)
0 (N) weight k Siegel

, f .

Γ
(2)
0 (N)

Γ
(2)
0 (= Γ

(2)
0 (1)),Γ

(2)
0 (2)

. , Γ
(2)
0 (3),Γ

(2)
0 (4)

character 2

. (

Γ
(2)
0 (1) Igusa, Ibukiyama

. ) Γ
(2)
0 (5)

. , Γ
(2)
0 (5)

, ,

.

, Γ
(2)
0 (5)

∗

,

.

2. Γ
(2)
0 (5) weight Γ

(1)
0 (5)

Ak (Γ) Γ weight k , Sk (Γ)

Γ weight k cusp forms

, Γ t
∞∑
k=0

dimAk (Γ) t
k,

∞∑
k=0

dimSk (Γ) t
k

, Γ Ibukiyama

. , Γ
(2)
0 (5)

∞∑
k=0

dimAk

(
Γ
(2)
0 (5)

)
tk

=

1 + t2 + 4t4 + 7t6 + 10t8 + 10t10 + 3t11

+10t12 + 6t13 + 6t14 + 10t15 + 3t16

+10t17 + 10t19 + 7t21 + 4t23 + t25 + t27

(1− t4)
2
(1− t6) (1− t10)

= 1 + t2 + 6t4 + 10t6 + 22t8 + 34t10 + · · ·
∞∑
k=0

dimSk

(
Γ
(2)
0 (5)

)
tk

=

t4 + 5t6 + 11t8 + 14t10 + 3t11 + 14t12 + 6t13

+9t14 + 10t15 + 5t16 + 10t17 − t18 + 10t19

−3t20 + 7t21 − 3t22 + 4t23 + t25 + t27

(1− t4)
2
(1− t6) (1− t10)

= t4 + 5t6 + 13t8 + 25t10 + 3t11 + 44t12 + · · ·
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. , Γ
(2)
0 (5)

cusps weight k

( ) tk

. , weight 0,2

1 (cusp ), weight 4 6 (

cusp 1 ), weight 6 10 ( 5

cusps) . weight

.

,

H1 = {z ∈ C | Im(z) > 0}

Γ
(1)
0 (N) =

{
g =

(
a b

c d

)
∈M2 (Z)

∣∣∣∣∣
tg

(
0 −1
1 0

)
g =

(
0 −1
1 0

)

c ≡ 0 (mod N)

⎫⎪⎪⎬
⎪⎪⎭

, H1 C f

∀z ∈ H1, ∀g =

(
a b

c d

)
∈ Γ

(1)
0 (N)

,

f

(
az + b

cz + d

)
= det (cz + d)

k
f (z)

, Γ
(1)
0 (N) weight k

, f .

N = 5 A
(
Γ
(1)
0 (5)

)
cusps S

(
Γ
(1)
0 (5)

)
.

A
(
Γ
(1)
0 (5)

)
= C[E2, χ4]⊕ f4C[E2, χ4]

�
∞∑
k=0

dimAk

(
Γ
(1)
0 (5)

)
tk =

1 + t4

(1− t2) (1− t4)

S
(
Γ
(1)
0 (5)

)
= χ4A

(
Γ
(1)
0 (5)

)
�

∞∑
k=0

dimSk

(
Γ
(1)
0 (5)

)
tk =

t4
(
1 + t4

)
(1− t2) (1− t4)

, q = e2πiτ ,

E2=E2(τ)=1 + 6q + 18q2 + 24q3 + 42q4 + · · · weight

2 , χ4=χ4(τ)=q − 4q2 + 2q3 + 8q4 − · · ·
f4 = f4(τ) = −24 + 240q + 2160q2 + 6720q3 + · · ·

weight 4 , χ4 cusp form .

, Γ
(2)
0 (5) Γ

(2)
0 (5)

.

3. Γ
(2)
0 (5)

Γ
(2)
0 (5) , Eisenstein ,

Theta , theta ,

, Hecke , lifting

. , 4.

lifting Γ
(1)
0 (5) Jacobi forms

, theta

.

3.1 lifting Γ
(1)
0 (5) Jacobi forms Γ

(2)
0 (5)

, Γ
(1)
0 (5) Jacobi forms Saito-Kurokawa

lifting . , Γ
(1)
0 (5)

Jacobi forms Jk,1(Γ
(1)
0 (5)J) .

Jk,1

(
Γ
(1)
0 (5)J

)
= A

(
Γ
(1)
0 (5)

)
f2,1 ⊕ C[E2, χ4]χ4,1 ⊕ C[E2, χ4]E4,1

, q = e2πiτ , ζ = e2πiz ,

f2,1 = f2,1(τ, z)

= 1+

(
1

ζ2
+

2

ζ
+2ζ + ζ2

)
q+

(
6

ζ
+ 6 + 6ζ

)
q2

+

(
2

ζ3
+

6

ζ2
+ 8 + 6ζ2 + 2ζ3

)
q3 + · · ·

χ4,1 = χ4,1(τ, z)

=

(
1

2ζ
+

ζ

2

)
q +

(
− 3

2ζ
− 1− 3ζ

2

)
q2

+

(
1

2ζ3
− 1

ζ2
+ 3− ζ2 +

ζ3

2

)
q3 + · · ·

E4,1 = E4,1(τ, z)

= 1 +

(
1

ζ2
+

56

ζ
+ 126 + 56ζ + ζ2

)
q

+

(
126

ζ2
+
576

ζ
+756+576ζ+126ζ2

)
q2+· · ·

.

3.2 theta

, level q = 5, detF = 25

F =

⎛
⎜⎜⎜⎜⎜⎝

2 1 0 0

1 2 0 1

0 0 10 5

0 1 5 4

⎞
⎟⎟⎟⎟⎟⎠

. , tξFξ = O ξ ∈M4,2(C)

. ξi,j ,

Tk[k; i, j] =
∑

N∈M2,4(Z)

(det (NFξi,j))
k−2

eπitr(NF tNZ)

0 ,

weight k theta .

Z =

(
τ z

z ω

)
.

, Tk[k; i, j] �= 0 , Tkr[k; i, j]

Tki[k; i, j] theta

.

, theta ,

ξi,j =
(
tm[i] tm[j]

)
.
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m[3] =
(√

5,−2
√
5,
√
3i, 0

)
m[5] =

(
5, 0,

√
5i, 0

)
m[9] =

(√
5− i,

√
5 + 2i, 3i,−3i

)
m[27] =

(
3
√
5−

√
15−

(
3−

√
3
)
i,

2
(
3−

√
3
)
i+ 2

√
15,

6i, − 3
(
3−

√
3
)
i
)

4. Siegel

, , Fourier

Γ
(2)
0 (5) Siegel weight k

. , q = e2πiτ , ζ = e2πiz , w = e2πiω .

4.1 k=0 weight 0 1 , cusp .

, , f =“ ” .

4.2 k=2 weight 2 1 cusp

. , f2,1 lifting L(f2,1) .

L5(f2,1)

=
1

6
+ q + 3q2 + 4q3 + 7q4 + q5 + 12q6 + 8q7 · · ·

+

(
1 +

(
1

ζ2
+

2

ζ
+ 2ζ + ζ2

)
q +

(
6

ζ
+ 6 + 6ζ

)
q2

+

(
2

ζ3
+

6

ζ2
+ 8 + 6ζ2 + 2ζ3

)
q3 + · · ·

)
w

+

(
3 +

(
6

ζ
+ 6 + 6ζ

)
q

+

(
3

ζ4
+

6

ζ3
+
12

ζ2
+
6

ζ
+6ζ+· · ·

)
q2 + · · ·

)
w2

+(· · · )w3 + · · ·

4.3 k=4 weight 4 6 ,

1 cusp . cusp 1

non-cusp 3 . , cusp

χ4,1 lifting L5 (χ4,1) , non-cusp

k = 2 non-cusp 2 (L5 (f2,1))
2
, E2f2,1 lifting

L5 (E2f2,1), E4,1 lifting L5 (E4,1) . , cusp

theta ,

lifting .

L5(χ4,1)

=

((
1

2ζ
+

ζ

2

)
q +

(
− 3

2ζ
− 1− 3ζ

2

)
q2 + · · ·

)
w

+

((
− 3

2ζ
− 1− 3ζ

2

)
q + (· · · ) q2 + · · ·

)
w2

+ · · ·

(L5(f2,1))
2

=
1

36
+

q

3
+ 2q2 +

22q3

3
+

58q4

3
+

115q5

3
+ · · ·

+

(
1

3
+

(
1

3ζ2
+

2

3ζ
+ 2 +

2ζ

3
+

ζ2

3

)
q + · · ·

)
w

+

(
2 +

(
2

ζ2
+

6

ζ
+ 8 + 6ζ + 2ζ2

)
q + · · ·

)
w2

+ · · ·

L5(E2f2,1)

= −31

60
+ q + 9q2 + 28q3 + 73q4 + q5 + 252q6 + · · ·

+

(
1 +

(
1

ζ2
+

2

ζ
+ 6 + 2ζ + ζ2

)
q + · · ·

)
w

+

(
9 +

(
6

ζ2
+

18

ζ
+ 24 + 18ζ + 6ζ2

)
q + · · ·

)
w2

+ · · ·

L5(E4,1)

= −31

60
+ q + 9q2 + 28q3 + 73q4 + q5 + 252q6 + · · ·

+

(
1 +

(
1

ζ2
+

56

ζ
+ 126 + 56ζ + ζ2

)
q + · · ·

)
w

+

(
9 +

(
126

ζ2
+

576

ζ
+ 756 + · · ·

)
q + · · ·

)
w2

+ · · ·

4.4 k=6 weight 6 10 ,

cusps 5 .

cusps 5 ,

cusps .

5 , weight 2 non-cusp weight 4 cusp

L5(f2,1)× L5(χ4,1), χ4f2,1 lifting L5(χ4f2,1),

theta Tk[6; 5, 9] Tkr[6; 5, 9],

theta Tk[6; 3, 27] Tkr[6; 3, 27]

Tki[6; 3, 27] .

L5(f2,1)× L5(χ4,1)

=

((
1

12ζ
+

ζ

12

)
q +

(
1

4ζ
− 1

6
+

ζ

4

)
q2 + · · ·

)
w

+

((
1

4ζ
− 1

6
+

ζ

4

)
q + · · ·

)
w2

+ · · ·
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L5(χ4f2,1)

=

(
q +

(
1

ζ2
+

2

ζ
− 4 + 2ζ + ζ2

)
q2 + · · ·

)
w

+

((
1

ζ2
+

2

ζ
− 4 + 2ζ + ζ2

)
q + · · ·

)
w2

+ · · ·

Tkr[6; 3, 27]×

=

((
1

ζ
+ ζ

)
q +

(
1351
27 + 190

3
√
3

ζ
+ · · ·

)
q2 + · · ·

)
w

+

((
1351
27 + 190

3
√
3

ζ
+

(
916

27
+

160

3
√
3

)
+ · · ·

)
q

+

(
1351
27 + 190

3
√
3

ζ3
+

1829
54 − 455

9
√
3

ζ2
+· · ·

)
q2+· · ·

)
w2

+ · · ·

Tkr[6; 5, 9]×
=

((
27

ζ
+ 27ζ

)
q +

(
91

ζ
− 74 + 91ζ

)
q2 + · · ·

)
w

+

((
91

ζ
− 74 + 91ζ

)
q + · · ·

)
w2

+ · · ·

Tki[6; 3, 27]×
=

((
1

ζ
− 2 + ζ

)
q2 +

(
− 2

ζ2
+ 4− 2ζ2

)
q3 +· · ·

)
w

+

((
1

ζ
−2+ζ

)
q+

(
1

ζ3
+

3
2− 5

√
3

2

ζ2
+· · ·

)
q2+· · ·

)
w2

+ · · ·

, non-cusps 3 .

non-cusps ,

3 . 3

, , weight 2

non-cusp 3 (L5(f2,1))
3
, weight 2 non-cusp

weight 4 non-cusp L5(f2,1)× L5(E2f2,1),

E2
2f2,1 liftingL5(E

2
2f2,1) .

(L5(f2,1))
3

=
1

216
+

q

12
+

3q2

4
+

13q3

3
+

217q4

12
+

697q5

12
+ · · ·

+

(
1

12
+

(
1

12ζ2
+

1

6ζ
+ 1 +

ζ

6
+

ζ2

12

)
q + · · ·

)
w

+

(
3

4
+

(
1

ζ2
+

5

2ζ
+

13

2
+ · · ·

)
q + · · ·

)
w2

+ · · ·

L5(f2,1)× L5(E2f2,1)

= − 31

360
− 7q

20
+

19q2

20
+

73q3

5
+

1351q4

20
+ · · ·

+

(
− 7

20
+

(
− 7

20ζ2
− 7

10ζ
+3− 7ζ

10
− 7ζ2

20

)
q+· · ·

)
w

+

(
19

20
+

(
3

ζ2
+

39

10ζ
+

189

10
· · ·
)
q + · · ·

)
w2

+ · · ·
L5(E

2
2f2,1)

=
781

126
+ q + 33q2 + 244q3 + 1057q4 + q5 + · · ·

+

(
1 +

(
1

ζ2
+

2

ζ
+ 12 + 2ζ + ζ2

)
q + · · ·

)
w

+

(
33 +

(
12

ζ2
+

30

ζ
+ 78 + · · ·

)
q + · · ·

)
w2

+ · · ·

4.5 k=8 k = 8 22 ,

cusps 13 . cusps 11

, non-cusps 5 .

weight .

5.

Γ
(2)
0 (5)

,

.

mathematica

, ,

,

. , weight

,

weight 1

.

,

.
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ε ψ

ψ

ε

ψ 
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